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1. Introduction




1.1 Deep learning

> Development of deep learning
¢ Deep learning has shown extremely high performance in various
real-world problems:
® [mage recognition
W H Comparison of performance in ILSVRC.

(Gray) Pre-deep learning methods,
Bihoo et s B g™ iincoion ™ (Blue) Deep learning, (Red) Human, from Kang et al. (2020)
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e Natural language processing
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1.1 Deep learning

> Importance of theoretical study
¢ A simple question arises
Q. Can deep learning solve any problem?
= In fact, theoretical studies have provided negative answers to this

question! (No-free-lunch theorem, Slow rates of convergence)
¢ Claim of the No-free-lunch theorem (informal) :

There are problems for which any learning algorithm performs
poorly, meaning there is no universal learning method that works
well for all the problems

= It is important to develop various methods and investigate when

each method works well. This highlights the significance of
theoretical research



1.1 Deep learning

» Explanation of deep learning performance
¢ Theoretical studies to explain the performance of deep learning are
also actively being pursued
¢ Major perspectives in theoretical research on deep learning:
¢ Generalization ability
v'How well it performs on new data
® Approximation ability
v How efficiently it can be approximate functions
® Optimization
v Whether the parameters that fit the data can be obtained
through optimization




1.2 Generalization error analysis in deep learning

> Statistical learning theory
¢ The goal of statistical learning theory is to provide a theoretical
justification for machine learning methods.
¢ Evaluation of justification = Evaluation of generalization error
e Small generalization error = “Good” estimator

¢ Points of view for evaluating generalization error
® Does the generalization error converge to zero as the amount of
training data increases?
e If it does converge, how fast does it converge? (Convergence
rate)
e Optimality of convergence rate



1.2 Generalization error analysis in deep learning

> Empirical Risk Minimization, ERM

¢ Generalization error (Excess risk):

Ex )Y, fF(X)] — inf  Ex Y, f(X))]

f:measurable

¢ The expected loss of new data is unknown = ERM

& ERM: Minimizes the loss over observed data D,

e The estimator f is searched within a hypothesis space (model) F
® In this study, the model F is Deep Neural Networks (DNN5)

fEargmm—ZE Yi, f(X5))

fer



1.2 Generalization error analysis in deep learning

> Bias-variance decomposition of generalization error
¢ L(f) = Ex ey, f(X))]. Expected risk

L(f)— inf  L(f)

f:measurable

— L(f) — inf L inf L(f)—  inf L
(f) fuél}— (f) + ;gf (f) f:melarslurable (f)
Variance Bias
G: Measurable functions |9 Jox
F Model . Generalization
* fo=minyeg L(f) Bias Error
& [* =minscr L(f)
There is a trade-off between bias and variance 4 f*‘ )
that depends on the complexity of the model , /
Variance g




1.3 Classification and conditional probability

> Set-up of the classification problem
¢ We want to predict its l[abel Y (e.g. whether it is ill or not) from input
X (e.g. medical images)
¢ True conditional class probability:

me(xz) =P(Y =k | X =z),n(x) = (n(x),... ﬂ?K(fB))T
¢ Given X, v follows the following multinomial distribution

Y| X =a ~ Multi(n(x))

>

Prob

Given an image,
— Conditional probability of dogs

— Conditional probability of cats /




1.3 Classification and conditional probability

> Learning method
¢ Estimators are obtained by ERM
¢ There are various loss functions
® (0-Tloss «Most intuitive loss, but difficult to optimise
ty, [(x)) = L(yf(z) > 0)
® Hinge loss
(y, f(x)) =0V (1 —-yf(z))
® Logistic loss
Uy, f(x)) = log(1 + e~ ¥/(*)

N

N
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1.3 Classification and conditional probability

» Advantage of conditional probability
¢ If hinge loss is used, only the classifier itself can be obtained
® i.e. only label predictions can be made.
¢ It can be more convenient in some situations to estimate conditional
probabilities
® e.g. Al-based disease diagnosis
¢ If conditional probabilities can be estimated, they can be used to
support human decision-making!
¢ Method for estimating conditional probabilities:
= Use the negative log-likelihood of a multinomial distribution as

the loss function (Maximum Likelihood Estimation)

12



1.4 Classification using deep learning

> Classification using deep learning
¢ In classification problems using deep learning, it is possible to
estimate conditional probabilities by using a DNN with a softmax
function in the output layer

elk

K .
Zj:l e’

¢ An example of classification in MNIST (comparison with kNN)
e Conditional probabilities for digits that are difficult to
distinguish are estimated to be smaller

7 8 7| & 3
[ | ﬁ

DNN 4:10%, 7: 90% 4:10%, 8 : 90% 7:60%,8:40% 3:60%, 4: 10%, 5: 30%
KNN  7: 80%, 9: 20% 4:30%, 8:20%, 9:50%  1: 100% 3: 40%, 5: 50%, 9: 10%

softmazy(xy,...,rr) =
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1.5 Semi-parametric estimation and conditional probability

> Relationship with Double/Debiased Machine Learning (DML)

¢ In the context of causal inference, the propensity score (i.e., the
conditional probability of assignment given covariates) plays an
important role as a nuisance parameter in estimating causal effects

¢ When the nuisance parameter is complex, machine learning (ML)
methods can be used to provide a natural estimator

¢ However, the bias and overfitting that can result from using ML may
negatively impact the estimator

e The slow convergence rate (the n~!/%-consistency does not hold)
= DML (Chernozhukov et al., 2018) can solve this problem!

14



1.5 Semi-parametric estimation and conditional probability

> Relationship with Double/Debiased Machine Learning (DML)

& In DML, it is necessary to demonstrate a o, (n /%) convergence rate

for the nonparametric estimation of nuisance parameters
= For example, when estimating propensity scores using deep

learning, it is essential to analyze the generalization error of the
estimator with deep learning

¢ In this study, we derive the convergence rate for the estimation of
conditional probabilities using deep learning

15



2. Related works




2.2 Convergence of conditional probability

> The difficulty of theoretical analysis in maximum likelihood

estimation of conditional probabilities
¢ Generalization error:

Ex [KL (n(X) [ p(X))] *)
e KL: Kullback-Leibler divergence

¢ Since the KL divergence can easily diverge, directly evaluating (*) is

challenging.
® |f F, contains all piecewise constant conditional class

probabilities with at most two pieces or all piecewise linear
conditional class probabilities with at most three pieces
= (*) diverges. (Lemma 2.1 in Bos & Schmidt-Hieber, 2022)

¢ Various approaches have been proposed to address this problem
(Ohn & Kim, 2022; Bos & Schmidt-Hieber, 2022; Bilodeau et al.,
2023)

17



2.4 Overview of this study

 In nonparametric maximum likelihood estimation, evaluating the KL
divergence is challenging
¢ In studies such as Ohn and Kim (2022), strong assumptions are required...

= By using the approach of van de Geer (2000) and directly

evaluating the Hellinger distance, the issue can be resolved (Theorem
1)
¢ No strong assumptions are needed, and the proof is more straightforward
¢ Remark: In Bos & Schmidt-Hieber (2022), the issue is avoided by

considering a truncated KL divergence
¢ Remark: In Bilodeau et al. (2023), the issue is avoided by using a

transformed estimator of the MLE.
e Application to the theoretical analysis of logistic regression using
deep learning (Theorem 2)
¢ It suggests the possibility of avoiding the curse of dimensionality even in

classification problems
¢ Results have been demonstrated with non-sparse DNNs

e It has been proven that deep learning is minimax optimal (Theorem 3)

18



2.4 Overview of this study

> Comparison with related works

Metric Loss functions Model Notes
Kim et al. Misclassification le'1g§ loss Sparse DNN (.)noly classnfner
rate Logistic loss Minimax optimal
. , - Strong assumption
Ohn & Kim KL divergence Logistic loss Sparse DNN With reguralization
Bos &.SChm'dt' Truncated KL N?gat.lve log Sparse DNN Weak assumption
Hieber : likelihood
divergence
Bildeau et al. KL divergence N.egat.lve log Well-specified  Transformed MLE
likelihood
. . . Negative log Non-sparse Weak assumption
This work | Hellinger distance likelihood DNN Minimax optimal

19



3. Main results




3.2 Notations and assumptions

> Notations
2
-H(P,Q)" =3/ (\/ aP —/d ) : The squared Hellinger distance

-R(n(X),p(X)) :=Ex [H*(n(X),p(X))]

# In this study, we discuss convergence with respect to

R(n(X),p(X))instead of Ex [KL (n(X) || p(X))]

# R(n(X),pn(X)) <Ex [KL (n(X) || pn(X))]
> Assumptions
3, € . 3eg > 0: )
Dk (X)
¢ This is automatically satisfied when estimation is performed
using DNNs

gcg, VneNEk=1,.... K
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3.3 Maximum likelihood estimation of conditional probability

w Oracle inequality

Theorem 1 (Oracle inequality)

Consider a classification problem with K classes. Let Pn be the maximum
likelihood estimator. Under some conditions, we have

E [R (B, m)] < 514(1 + ) (3 + R (Bum)) +
Variance  Bias

§ 0n corresponds to the complexity of the model Fr
= The more complex the model, the larger the variance becomes

¢ The more complex the model, the smaller the bias becomes (as a
more complex model is more likely to capture the true conditional
probabilities)

¢ If the complexity of the model and the bias can be determined, the
convergence rate of the MLE can be derived!

22



3.4 Logistic regression using deep learning

> DNN model
-o(2) == max(0,2). Rel U activations V= (v1,---,vr) € R. Bjas
-ov(Y15--5Yr) = (6(y1 —v1),...,0(yr —vr)). Activation with bias
- L: Depth, m = (10, -, mL11): Width of each layer,
- W € RMH5 . \Weight matrix,
- ®: softmax function
fiR™ o Rt g f(x) = ®Wroy, Wi_10w, , - Wiow, Wox (3%)

F(L,m,B) := {f of the form (Y) : maXLHVVjHOo V{Uj|o0 < B}

j=0,...,
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3.4 Logistic regression using deep learning

> Underlying function space for the true conditional probability
- Holder space with smoothness 3

CB(D,Q):{f:DC]R{m%R:

L _ o>

ailal<p alal=| ] TVED TPy [T —

- Composition structured functions

gcomp(rydath?Q) — {f —gr©---0go - g; = (glj>3 : [a’ivbi]di — [ai+17bi+1]di+17
gij € Cﬁi([aiabi]tia Q), for some|a;|, |b;| < Q}
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3.4 Logistic regression using deep learning

> Underlying function space for the true conditional probability
- Composition structured functions

Geomp(r,d, t,3,Q) = {f =gro---0g0:9i = (gij); * lai bi]™ = [@i1,bisa] ",
Gij € Cﬁi([ai,bi]ti, Q), for some|a;|, |b;| < Q}
§ f(x1,22,23) = g1 0 g2(T1,22,23) = g11(go1(x1,73), go2(x1, 72))
3 dim > dim

¢ There is an underlying low-dimensional structure

¢ It contains a reasonable example of conditional probability
d
e (x1,...,24) = Uy (Z sz‘(l’z’)>
i=1
x d T
where ¥k(@) =€ /> i, e

- Mk € gcomp(T,d,t,,B,Q), k=1,...,K
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3.4 Logistic regression using deep learning

v Convergence rate

Theorem 3 (Convergence rate)

Consider the family of neural networks F(L,m, B) that satisfy the
following conditions as the model.

(i) L <log(n), (ii)) v/no, S mm m;, (iii) Al/\/an

=1,...,L
Then, there exists a constant C’dependmg only onr,d,t,3,Q, K¢t

E[R (pn,n)] < CpnLlog*(n)
For sufficiently large n. Here,

= f; Hz z+1(5l A 1) ¢On = MaX;—qg,. . r N Bitti

¢ The convergence rate is ?n up to log-factor

¢ There is no restriction for the sparseness of DNN

¢ The convergence rate does not depend on the dimension d, thus
avoiding the curse of dimensionality

¢ Deep learning can effectively capture the underlying low-dimensional
structure (the structure of composite functions).
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3.4 Logistic regression using deep learning

> Why sparse DNN?
¢ Many studies assume sparsity in DNN models
® e.g. Suzuki (2019), Schmidt-Hieber (2020)
¢ Typically, generalization error is bounded by

” Complexity”
b Y +Bias2

n

¢ The complexity increases as the number of non-zero parameters in
the DNN grows.
= Imposing sparsity on the DNN leads to a tighter bound

¢ In this study, we derived a tighter convergence rate without imposing
sparsity by using the tighter bias bound from Kohler & Langer (2021)
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3.4 Logistic regression using deep learning

w Minimax optimality
¢ Is the rate derived in Theorem 2 optimal in some sense?

Theorem 3 (Minimax optimality)

Under some conditions, we have

inf sup E[R(Pn,n)] > con
Prn 1 €Gcomp (1,d,t,8,Q), k=1,....K

where infimum is taken over all estimators.

¢ The convergence rate derived in Theorem 3 is minimax optimal up to
log factor

28



3.5 Summary

> Summary

wWe derived a general inequality for evaluating variance in the
maximum likelihood estimation of conditional probabilities
(Theorem 1)

v As an application of Theorem 1, we derived the convergence rate
for logistic regression in non-sparse deep learning models
(Theorem 2)

w We demonstrated the minimax optimality of the rate derived in
Theorem 2 (Theorem 3)

wThe paper is available in arXiv

URL: https://arxiv.org/abs/2401.12482
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1.2 Generalization error analysis in deep learning

> Slow rates of convergence
¢ As an example, consider a binary classification problem:
- X C Rd: Input space, Y = {07 1}: Output space
- P: Probability distribution on X x )V Px: Marginal distribution
of X
- (X, Y), (X1, Y1), ..., (Xn,Yn) ~iia P
- Dy = {(Xi, Yi) }io1: Observed data
¥ Goal: Construct a function f, : X — Y from Dy, that predicts Y
well when new data X is given
- L, =P(f.(X) # Y | D,). Misclassification rate (the probability
of incorrect classification)
- L* = inf fmeasurabie P(f(X) # V). Optimal misclassification rate

31



1.2 Generalization error analysis in deep learning

> Slow rates of convergence

Theorem 0 (Slow rates of convergence, Devroye, 1982)

Let (an) be a sequence of positive numbers converging to zero such that
1/16 > a1 > az > .... For any learning method, there exists a

distribution of (X,Y’) satisfying L* = 0 such that
Vn € N; E|L,| > a,

¢ No learning method is universally optimal; the performance of any
method can deteriorate for some distributions.
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3.2 S5 EIRFE
> 305
R - (o8 n(o50.5) < . pe )
N, 5(0,F,Q) :

B 2R F O LP(Q) /ILLIZEET % 6 -bracketing number

o EMIUV A F ODHBDED' KEI"V'EME %KY
- J5(8, Fr'? (P, 8),

f52/(213 )\/IogNgg(uF/2(pn,5) )du\/5

o 1 {F{1,....K} FO¥Z FFHIEEPx DERIE

o J5 (0, Fn'(Bn,0), 1) (& B D3EL TBI- & = DEFTAIEME
= BTN EMEZFHWS Z & Ttight BARERZEL

(van de Geer, 2000; Bartlett et al., 2005)
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3.3 KIFHIESHERD/ VINFXA NI Y IV RALERE

WA ZVIVAEFER

Theorem 1 (A Z V7 ILAFE fEZEver.)
K SADNEEBEZEZD. PhZNPMLEE T 5.

W(d) > Jp(9, f%”(ﬁn,é),u)fﬂf((S)/d? HY 6 DIEEIMBEERD L DIcE

Vné: > c¥(6,) (1)
EEI-TETE CDEE

P (R (Pn,n) > 514(1 + 2)(62 + R (P, m))) < cexp (— ngf)

34



3.3 KIFHIESHERD/ VINFXA NI Y IV RALERE

WA ZVIAEFER (HEE=ED;NLIEREZ ()
Theorem 2 (A5 7 ILAZEL HiF{iEver.)
KT ZADDIERBEZZEZS. PnZNPMLEE T 5.
U(6) > Jp (8, Fn'* (B, ), n) EW(5) /6218 § DIEMEMBIME D & S Ic &
5. CDEE, HIAERBER c&

Vnd, > c¥(d,) (1)
ZTe T 0, BTD 6> X UTLUTIDA DD,

C

E [R (Bn,m)] < 514(1 + ) (9, + B (Bn,m)) + —
Variance Bias

& J H¥ Variance D ¥ (< X ity
§ JBIEETINFn D" KREZ" = “EMZ"%2KRT
= TTI)ILHEMRIZF E Varianceld KELHBE->TULZES

35



3.3 KIFHIESHERD/ VINFXA NI Y IV RALERE

SASYNFER (HEBOAMLILEES

i)

Theorem 2 (A5 7 ILAZFEI BB {iBver.)

5. CDEE, HIAERBER c&
Vnoy > c¥(d,)

KT SADNIEBEEEZD. PnaNPMLEE T 5.
U(6) > Jp(8, Fa' (B, 0), 1) () /62 8 § DIEXEMBIBE DB LS T &

EEL S0, TD 6> 6, lcTFUTLUTFARKR DD,
E[R (Pn,n)] < 514(1 + ¢§) (6 + R (Pn,m)) + -

(1)

C

Variance

Bias

¢ TTILHEM LT E Varianceld KE<LHBE>TUE S

Bias-Variance

§ —H, EFILAEHRIFE Bias R (Pn,n)lF/hS <z FLb—=FA7
(ETIDEMLRIFZEEDRENEERZSHPIT K KRDBH)
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3.3 KIFHIESHERD/ VINFXA NI Y IV RALERE

WA VIVAEFER (HEEEDNIbEEEZ i)
Theorem 2 (A Z 7 ILAZFER HAfFBver.)
KV 2 ZXDNERERZEZ 5. PhxNPMLEE T 5.

U(8) > T (8, Fn' > (Bn, 8), 1) W (5) /828 5 DIEMEMBEE R B L ST &
5. CDEE, HIAERBER c&
Vnd, > c¥(d,) (1)
ZmIc T 0n, ©TD 6> 0, UTLLTIA R D IZD.
C

E [R (Bn,m)] < 514(1 + ) (9, + B (Bn,m)) + —
Variance Bias

s TTILDEME JgEBias R (Pn,n) DEHIEN T 1L

NPMLEDIE L — kHhoh 3 |
¢ Theorem 2l EZEBZZFICRS T —ARDNPMLEIC X U TR
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